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A b s t r a c t
The paper presents a comparative analysis of the consolidation of soil under a road embankment 
reinforced with stone columns. The results were obtained from the most common analytical and 
numerical methods applied in driven column dimensioning. The analytical approach exploits 
terzaghi’s one-dimensional theory and barronʼs three-dimensional theory. the numerical calculations 
reflected the particular stages of the embankment construction in various two- and three-dimensional 
systems. The geotechnical parameters that were crucial for the research were determined on the 
basis of geoengineering documentation, laboratory and field studies. the paper begins with a short 
introduction presenting the dynamic replacement method. 
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S t r e s z c z e n i e
przedmiotem artykułu jest analiza porównawcza wyników obliczeń konsolidacji podłoża wzmoc-
nionego wbijanymi kolumnami kamiennymi, pod nasypem drogowym, otrzymanych na podstawie 
najczęściej stosowanych, przy wymiarowaniu kolumn wbijanych, podejść analitycznych i nume-
rycznych. w podejściu analitycznym zastosowano jednowymiarową teorię terzaghiego oraz trój-
wymiarową teorię barrona. w obliczeniach numerycznych zamodelowano etapową budowę nasypu 
w różnych układach płaskich i przestrzennych. parametry geotechniczne, niezbędne do obliczeń, 
ustalone zostały na podstawie dokumentacji geologiczno-inżynierskiej, badań laboratoryjnych i po-
lowych. Całość rozważań poprzedzona została krótką informacją na temat wymiany dynamicznej.
Słowa kluczowe: wymiana dynamiczna, kolumny kamienne, analiza numeryczna
* msc. piotr kanty, phd. krzysztof sternik, phd. sławomir kwiecień, department of geotechnics 




L – spacing of columns
Dcol – diameter of a stone column
De – diameter of the unit cell
α – replacement ratio
x – general parameter
c’ – effective cohesion
φ’ – effective friction angle
Ε – resilient modulus
Μ – constrained (oedometric) modulus
ν – Poisson’s ratio 
ψ – dilatancy angle
e – void ratio
γ – unit weight
S – saturation ratio
Sr – residual saturation ratio
pw – pore water pressure
k*ij – permeability tensor for unsaturated soil
kij – permeability tensor for saturated soil
kr – scaling scalar function for the permeability tensor 
kv – permeability coefficient in vertical direction
kh – permeability coefficient in horizontal plane
mv – coefficient of compressibility
1. Introduction
when planning development of new roads passing through urban areas, it is most often 
impossible to bypass regions of soft foundation soil. Thus, it is necessary to strengthen the 
weak subsoil in order to limit the settlement of the road embankment, reduce the time of 
primary consolidation and to assure sufficiently high safety factor for the embankment’s 
slopes. This can be achieved by installing stiff inclusions of granular material called stone 
columns. Stone columns in soft ground can be formed in two ways: by vibro replacement or 
dynamic replacement.
Vibro replacement (VR) columns are installed in the ground by means of a crane-
suspended downhole vibrator. The vibrator is lowered, densifying and displacing the 
underlying stone (crushed stone, recycled concrete, gravel) and forming a column of 0.6–1.0 
m in diameter (Dcol). during installation the zone around a column is strongly affected by 
vibrations produced by working equipment (vibrator or rammer). The zone of the disturbed 
soil is called the smear zone.
in the dynamic replacement (dr) method, stone columns are formed in weak soil using 
the equipment that allows free drop of a heavy rammer from a pre-defined height. in the first 
phase, the rammer forms a crater (fig. 1a) which is then refilled with coarse-grained material 
(Fig. 1b). Afterwards, the material is pressed into the soil forming the crater which is then 
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refilled once again and the whole process is repeated (fig. 1b). the column is formed until 
the rammer cannot penetrate the soil anymore. This may mean that the column’s base have 
reached a stiffer soil layer (Fig. 1c) or that the energy used during the process of column 
formation does not allow the soil to be penetrated any more (a so-called “floating column”).
Fig. 1. Process of stone column formation
In Poland, the most common parameters applied in this technology are: rammer weight of 
10–20 tonnes and drop height up to 25 m. The diameter of a column usually varies between 
1.6–4.0 m [21]. In the case of a dynamic replacement column the impact of the falling 
rammer is so great that the whole volume of soft soil is remoulded and the smear zone cannot 
be distinguished. The number of rammer drops that need to be performed in order to form 
a column varies from 15 to 30. The ramming process results in the formation of columns of 
various shapes and diameters [22], which depend on soil susceptibility, applied energy and 
rammer shape. After the reinforcement process, the physical and mechanical parameters of 
the weak soil change [30]. 
Although analytical methods for designing vibro-column reinforcement exist [10, 24], 
there are no algorithms related to driven columns which would take into account the specific 
method of their construction [10, 11, 18]. while designing such columns, two factors are taken 
into consideration: the column’s bearing capacity and settlement of the system consisting of 
the column and its surroundings [18]. projects that take into account a drainage effect are 
very rare. The international literature describes this effect when it comes to vibro replacement 
columns [3, 4, 7], whereas for dynamic replacement columns it has not yet been examined. 
One of the few attempts to tackle this topic have been the model research described in [28] 
and [29]. the problem of the efficiency of dr column drainage in comparison to Vr column 
has recently been discussed in [20]. 
The reduction of primary consolidation is achieved by two mechanisms: radial drainage 
towards columns which causes faster dissipation of pore water pressure and high column 
stiffness which reduces vertical load on soft soil and thereby the increase in pore water 
pressure. the acceleration of consolidation due to drainage was firstly recognized for vertical 
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drains disregarding their stiffness [1, 2, 13, 15, 17], whereas the effect of column stiffness 
was investigated among others in [1, 5, 12, 14, 32].
In this paper the problem of consolidation of soft foundation soil reinforced with 
stone columns under a road embankment has been investigated by means of numerical 
calculations. It is a continuation of work presented previously in [19, 23]. In engineering 
practice a geotechnical problem like this is most frequently solved analytically by making 
use of the unit cell concept or as a plane-strain numerical analysis. the first approach serves 
only to predict the settlement of reinforced soft soil ignoring the problem of stability of the 
embankment. The second approach requires conversion of parameters of reinforced subsoil 
from axisymmetry to plane-strain conditions.
Three-dimensional analysis is the background for comparisons with the results of 
simplified two-dimensional computations and an analytical solution. 
2. Soil parameters
The computational analysis presented here is related to the embankment that is part of the 
s7 expressway in the city of lubień. this embankment (fig. 2) was 12 m high. the bottom and 
the top of the embankment were respectively 67 m and 31 m wide. The slopes were inclined at 
1:1.5. The entire embankment was formed using the method of lime stabilized soil.
In the computations, the top of the embankment was loaded with a pressure of 25 kPa [9] 
which substitutes the weight of the road pavement and the load induced by traffic.
Prior to the research, drillings were performed in order to examine the initial geotechnical 
conditions under the embankment, which allowed it to be determined that the soil was formed 
of soft silty clay layers locally underlain by more dense gravel with stones and/or soft rock 
(Fig. 2). Table 1 presents the values of soil parameters. 
Fig. 2. Analysed embankment and foundation soil
T a b l e  1
Soft soil parameters
layer φ [°] ψ [°] c [kPa] ν [–] e [mpa] e0 [–] k [m/s] γ [kN/m
3]
Organic clay 4.6 0 31 0.3 2.65 0.6 1.00E-09 14.18
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After analysing the type, condition and thickness of the soft layer, the designer decided 
to strengthen the soil using the dynamic replacement method. According to the designs, the 
main part of the embankment was supposed to be strengthened by stone columns of about 2.2 
m in diameter and 5 m in length, distributed in a 3 m × 3 m grid. Columns were formed of 
stone aggregate of fraction 0/400 mm. The equipment used for column formation is presented 
in Fig. 3a, whereas Fig. 3b shows the excavated column. 
a) b)
Fig. 3. a) equipment used for soil reinforcement, b) excavated column
3. Numerical analysis of consolidation – basic models
3.1. Preliminary remarks
the analysis is divided into two parts. in the first part, the authors compare the approaches 
applied in the projects of soil strengthening with the dynamic replacement method executed 
in Poland. As some of them may raise doubts, all the methods were compared to the most 
reliable one, i.e. the three-dimensional model. The second part of the analysis aims to present 
some improvements to the presented models, as well as other methods described in the 
literature.
3.2. Assumptions for the calculations
The consolidation of the soil under a road embankment reinforced using the dynamic 
replacement method was calculated using both analytical and numerical (fem) methods. at 
the first stage of the research, five models were analysed. 
model no. i is the analytical method presented by barron [2] and terzaghi [33] in which 
the stone column is considered only as a drain that accelerates the consolidation process. 
The calculations of settlements were performed using Priebe’s method [27] and presented in 
a spreadsheet, taking into account the gradually increasing load, which corresponds to the 
increasing height of the embankment.
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It was assumed that the total settlement occurs according to the average degree of vertical 
(Uv) and horizontal (UR) consolidation. The Uv value is determined based on the following 
















M – the constrained modulus, 
Tv – the time factor in vertical direction. 
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where
TR – the time factor in radial direction, 
f(n) = ln(n) – 0.75, 
n – the ratio of unit cell radius (Re = De/2) to drain radius (Rcol = Dcol/2).
four other calculation methods applied the finite element method (fem). the analyses 
were performed using Z_Soil ver. 11.15 program [36]. Two- and three-dimensional models 
were analysed during the research. 
in the first of the numerical analyses (model no. ii), a three-dimensional model (fig. 4) was 
used to present the construction of the embankment on soil reinforced with stone columns. The 
process of constructing the embankment was represented by adding subsequent layers of finite 
elements and the load induced by road surface and traffic was replaced by a unit load of 25 kpa. 
fig. 4. model no. ii
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model no. iii uses a unit cell (fig. 5) determined on the basis of the method described 
in [10]. It simulates the work of a large system of repetitive cells placed under a vast 
construction, in which the columns are distributed in a square system with L spacing. The 
diameter of the unit cell was determined to be De = 1,13 × L. The unit cell is modelled as an 
axisymmetric case.
fig. 5. model no. iii
model no. iV presents the simulation of the construction of embankment in plane-
strain, situated on homogenous soil which is characterized by averaged parameters (Fig. 6). 
The average value of each parameter was determined on the basis of the percentage of 
column material in the volume of the unit cell, i.e. using the replacement ratio α as weight 
coefficient. α is defined as the ratio of the surface of column’s cross section to the surface 




















Composite values of unit weight γ, cohesion c, friction angle φ, resilient modulus E and 
permeability coefficient k were determined by the formulae proposed by dimaggio [8] and 
reported in [6]. Its general form with respect to any parameter x is given by the Eq. (4)
 x x xcol s= −( )+α α1  (4)
where:
x  – average value, 
xcol, xs – represent a parameter for a column and soft soil respectively.
model no. V is the simulation of the embankment in plane-strain conditions with columns 
represented by strip elements of width equal to the actual column’s diameter (Fig. 7). 
parameters for soft soil and stone column material remain unmodified in any way.
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fig. 6. model no. iV
fig. 7. model no. V
the presented models iV and V are strongly simplified, however. in model no. iV, the 
average value of permeability coefficient was also determined based on equation (4), which 
may not be fully reliable. 
Although all the other parameters for both weak soil and stone columns are of the same 
order, the difference between the permeability coefficient for both materials is huge. 
in model no. V, the percentage content of the column increases significantly in the 
geometrical model, which leads to an increase in the replacement ratio. As a result, the 
settlements of the system may be underestimated. 
3.3. Applied constitutive models and their parameters
All the data in the numerical analyses were described using the elastic-perfectly plastic 
model with mohr-Coulomb surface modified by menetrey and willam [36]. for the 
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abovementioned model, five parameters need to be known: resilient modulus e, poisson’s 
ratio ν, friction angle φ, cohesion c and dilatancy angle ψ. 
As previously mentioned, the embankment was formed with lime stabilized cohesive soil. 
The parameters of this model for the material forming the embankment were determined on 
the basis of the analyses in direct shear apparatus and oedometric tests [19]. Poisson’s ratio 
was determined to ν = 0.3 and the dilatancy angle ψ = 0.
The parameters of the stone column and deposit materials used in each model were 
determined on the basis of back analysis, i.e. matching the results of laboratory and field tests 
to the results of the numerical analysis of the boundary value problem. 
Triaxial compression allowed the values of friction angle φ and cohesion c to be determines 
and oedometric tests – the virgin and reloading constrained modulus. This research was 
presented in [18]. Poisson’s ratio for weak soil was determined on the basis of the body of 
literature [35] and its dilatancy angle was equal to 0. 
As the columns were formed from coarse-grained material of fraction up to 400 mm, 
it was impossible to analyse the material in laboratory tests. however, test loading of the 
completed column was performed using a plate located on the column’s head, which induced 
a pressure of 0–1373 kPa. The results of the test loading were used to calibrate the numerical 
system “stone column – weak soil surrounding” [18]. the similarity of the “loading – 
settlement” curve obtained from the numerical models and as the result of test loading was 
considered to be the criterion of adequacy for the numerical model itself. Column parameters 
were heuristically determined on the basis of the numerical analyses. According to these, 
the coefficient of determination r2 was found to be equal to 0.9982 [18]. In the analysis 
performed, the non-associated flow rule (ψ = 0) was used. 
Values of the permeability coefficient for a column and soft soil were taken from the 
literature. materials were assumed to be isotropic in terms of permeability. in analyses hydro-
mechanical coupling (consolidation) is described by the Van genuchten model [34], in which 
flow in a non-saturated medium depends essentially on two hydrodynamic characteristics: 
water retention and permeability. To determine the saturation ratio S, which is the function of 
pore water pressure pw, the model makes use of two constants: the residual saturation ratio Sr 



































The permeability tensor k*ij is obtained by scaling the kij tensor for a fully saturated 
medium by a scalar valued function kr dependent on the saturation ratio S:
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Also the initial void ratio e0 is required for complete specification of the model.
All parameters taken for analyses are presented in Tables 2 and 3.
T a b l e  2
Mechanical parameters and soil weight
model no. material no. E [kPa] ν [−] γ [kn/m3] φ’ [o] c’ [kPa]
I 1 2 650 0.30 – – 31
II, III, IV,V 1 2 650 0.30 14.18 4.6 31
I 2 76 000 0.20 16.53 42.0 –
II, III, V 2 76 000 0.20 16.53 43.5 5
IV 2 33 620 0.26 15.16 21.0 20
I, III 3 – – 20.00 – –
II, IV,V 3 45 000 0.30 20.00 35.0 45
T a b l e  3
Hydraulic parameters
model no. material no. e0 [–] kh [m/s] kv [m/s] Sr [–] α [−]
I 1 – 1.00E-09 1.00E-09 – –
II, III, IV,V 1 0.60 1.00E-09 1.00E-09 0.20 0.5
I 2 0.84 – – – –
II, III, V 2 0.84 1.00E-01 1.00E-01 0.00 10.0
IV 2 0.84 4.22E-02 4.22E-02 0.10 4.5
I, III 3 0.40 – – – –
II, IV,V 3 0.40 1.00E-07 1.00E-07 0.20 1.0
3.4. discussion of the results of the first stage analyses
all the results presented below were determined at a point located just under the foundation 
soil surface in the middle of the embankment. The point was decided to be representative of 
the comparison of the calculation results. 
the results of the first stage analyses – depending on the applied model – show various 
values of soil settlements (Fig. 8) and consolidation time (Fig. 9, 10). 
all the two-dimensional models underestimate the final settlements, in comparison to 
the three-dimensional model (model no. ii). the differences are most significant for the 
plane-strain models, i.e. the one with the homogenized parameters (model No. IV) and the 
other with the stripes of columns of width equal to the column’s actual diameter (model No. 
V). The settlements predicted on the basis of these models are over 60% smaller than those 
obtained from the 3d model. in the case of the unit cell (model no. iii), as well as in the case 
of analytical calculations, the settlements are smaller by slightly over 20%. 
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Fig. 8. Settlement predicted by models No. I-V
Figures 9 and 10 represent the diagrams of pore water pressure changes predicted in 
numerical models No. II–V. 
Fig. 9. Excess pore water pressure predicted by models II–V
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Fig. 10. Excess of pore water pressure in last steps of analyses predicted by models II-V
The excess pore water pressure and consolidation time of the reinforced soil are 
significantly underestimated by the plane-strain models (no. iV and V) compared with the 
predictions of the 3d model. when soft soil and columns are treated as a homogenized layer, 
the calculations show almost no increase in pore pressure resulting from the construction 
of the embankment. The pressure is immediately dissipated due to the high value of the 
permeability coefficient k. The consolidation time for model No. V is 60% shorter than the 
3d model (model no. ii). only the estimations of the unit cell model (model no. iii) indicate 
the time of water pressure dissipation longer by about 30%. 
The conducted analysis revealed that the proposed methods IV and V, widely applied in 
engineering calculations, show significant discrepancies in the estimations of consolidation 
time of soil reinforced by stone columns. Therefore they should not be used for this purpose. 
For this reason, the analyses presented in the following part of this paper will try to propose 
modifications of the abovementioned models. 
4. Computational analysis of the consolidation of reinforced soil under road 
embankment – other models
4.1. Assumptions for the calculations and parameters of the examined models
in the second, additional stage of the analysis, the authors propose some modifications to 
the 2d models (iV and V) and offer another model (no. Vi). 
In models IVa and IVb, as in model No. IV (Fig. 7) described previously, soft soil 
parameters were averaged. The difference between the models consists in the way the 
permeability coefficient and the friction angle were determined. 
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In models IVa and IVb, the averaged friction angle of soil was calculated in a different 
way than in model IV. The formula (4) was substituted with the following: 
 
tan tan tanφ α φ α φ= ⋅ −( ) ⋅+col s1  (8)
The same approach was presented in e.g. [6] and [8].
another essential modification introduced in both models was the method of calculating 
the average permeability coefficient in horizontal plane. the formula presented below was 
used in model IVa: 
 
1 1 1 1
k k kh h col h s




kh col, kh s – permeability coefficients in the horizontal plane for column and soft soil 
  respectively.
model iVb made use of the simplified formula presented in [26]. the value of kh coefficient 
was calculated as follows:
 
k K kh s= ⋅ ⋅composite m/day10
4 [ ]
  (10)
where Kcomposite was drawn from the calibration graph presented in [25], prepared on the basis 
of the numerical calculations using the finite element method. 
In both Va and Vb models, the diameters of the stone columns were the same as in V 
(fig. 8); however, the parameters of columns and weak soil were changed. Column parameters 
were averaged due to their periodical structure, according to the approach presented by 
dimaggio [6]. 
In model Va, the following formulae were used in order to calculate the permeability 
coefficient in horizontal and vertical plane [33] for column strip elements:
 
( )1v col col s colk k D k L DL=  + −    
(11)





D k L D k
=
+ −  
(12)
equations (11) and (12) were derived for water flow in parallel and perpendicular 
directions to layered subsoil by Terzaghi. 
in model no. Vb the permeability of the soft soil was modified. modification concerns 
only permeability coefficient in horizontal direction. Coefficient of permeability in vertical 
direction is assumed to be the same for axisymmetric and plane-strain conditions. 
the calculations of the permeability coefficient in the horizontal plane were carried out 
on the basis of the method proposed in [15] and [32]. The method gives the possibility to 
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calculate the permeability coefficient in the horizontal plane in a plane-strain model (kh,pl) on 
the basis of the values of this coefficient in an axisymmetric model (kh,ax). The method is based 
on the assumption that the flow path length normal to the column perimeter corresponds to 
the flow path length in the plane-strain conditions and the radius of drainage zone Re is taken 






















































vs vc ax e  
(13)
where:
α – replacement ratio, 
Re – radius of a unit cell, 
B – plane-strain half width equivalent to Re,
mvc i mvs – coefficients of compressibility for column and soft soil respectively,
 
F N N N N N N( ) −= ( )  ( ) − −( ) ( )2 2 2 21 3 1 4ln   (14)
N = De/Dcol – for axisymmetric conditions,
N = B/bcol – for plane-strain conditions,
bcol – half width of a column in plane-strain conditions.
It should be noted that assuming that the width of a stone column in plane-strain conditions 
is equal to the diameter in the axisymmetric case may result in excessive enlargement of the 
area replacement ratio. In model No. VI (Fig. 11), the diameter of a stone column was reduced 
so that in plane-strain conditions the replacement ratio was maintained. All the mechanical 
parameters remained unmodified in any way. the permeability coefficient for soft soil in the 
horizontal direction was calculated using the formula (13) as in model No. Vb.
the simplified assumption was made in the calculations: the parameters for soft soil 
under the embankment and next to it were the same. In real conditions, the values of the 
permeability coefficient for soil adjacent to the embankment is different from those for the 
soil among the columns (under the embankment).
fig. 11. model no. Vi
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Tables 4 and 5 contain the mechanical and hydraulic parameters calculated according to 
the abovementioned assumptions. 
T a b l e  4
Mechanical parameters and soil weight
model no. material no. E [kPa] ν [−] γ [kn/m3] φ’ [o] c’ [kPa]
IVa, Ivb, Va, VI 1 2 650 0.30 14.18 4.6 31
Iva, IVb 2 33 620 0.26 15.16 24.1 20
Va, Vb 2 56 440 0.23 15.90 35.2 12
VI 2 76 000 0.20 16.53 43.5 5
IVa, Ivb, Va, VI 3 45 000 0.30 20.00 35.0 45
T a b l e  5
Hydraulic parameters
model no. material no. e0 [–] kh [m/s] kv [m/s] Sr [–] α [−]
IVa, IVb, Va 1 0.84 1.00E-09 1.00E-09 0.20 0.5
Vb 1 0.84 1.17E–10 1.00E-09 0.20 0.5
VI 1 0.84 2.62E-09 1.00E-09 0.20 0.5
IVa 2 0.74 3.46E-09 4.22E-02 0.12 4.5
IVb 2 0.74 1.50E-06 4.22E-02 0.12 4.5
Va 2 0.66 3.75E–10 7.00E-04 0.05 7.5
Vb 2 0.66 1.00E-01 1.00E-01 0.05 7.5
VI 2 0.60 1.00E-01 1.00E-01 0.00 10.0
IVa, IVb, Va, VI 3 0.40 1.00E-07 1.00E-07 0.20 1.0
4.2. Results of computations and their discussion
fig. 12 presents the values of the settlements predicted in 2d calculations and those 
obtained by models no. iV and V during the first and the second stage of the research. the 
total settlement obtained in the 3d model (no. ii) is equal to 11.8 cm and for clarity is not 
presented in the diagram. 
The comparison of the settlement values predicted by the model of homogenous subsoil 
with the averaged parameters of the column-weak soil system (model No. IV) shows that 
replacing the average value of the friction angle determined by formula (6) with the value 
calculated by formula (7) resulted in smaller settlement values. This shows that the predicted 
values obtained on the basis of models IVa and IVb differ greatly from those determined by 
the 3d model (no. ii) due to the reduction of the friction angle value. 
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fig. 12. settlements predicted by the analysed 2d models 
For models in which the width of the column is equal to the actual column diameter (Va 
and Vb), the modification of column parameters caused the results to be more similar to 
the results obtained from the 3d model (total settlement 11.8 cm). however, the settlement 
values obtained in the plane-strain models were underestimated. The graphs for models Va 
and Vb are almost identical. 
fig. 13 demonstrates the comparison of settlement values for the base 3d model and 
model No. VI, in which the real value of the replacement ratio was maintained by the proper 
choice of column width. 
fig. 13. Comparison of settlements predicted by models no. ii and Vi
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the settlement values obtained from model no. Vi are closest to the results from 3d 
model no. ii. no modifications were introduced to the parameters of the column and soft soil 
in model No. VI but the strips representing columns were narrower. The total settlements and 
the load-settlement curves are almost identical. 
Fig. 14–17 represent the excess pore water pressure calculated using the models examined 
in the second phase of the research and compare it to the values obtained from the base 3d 
model (No. II). 
fig. 14. Comparison of excess pore water pressure predicted by models no. ii, iV, iVa, iVb
fig. 15. Comparison of excess pore water pressure predicted by models no. ii, V, Va, Vb
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fig. 16. Comparison of excess pore water pressure predicted by models no. ii, Vb, Vi
fig. 17. Comparison of excess pore water pressure predicted by models no. ii, Vb, Vi in the last 
increment of loading
The discrepancy between results in the models with the averaged parameters and the 
3d base model is the also largest for predictions of the consolidation time. plane-strain 
models predict that the excess pore water pressure is dissipated almost immediately or on the 
contrary, the dissipation time is 60% longer (iVa) than for the 3d model. for 2d models with 
distinguished column strips characterized by averaged parameters and by the width the same 
as in case of the real column (Va and Vb), consolidation time is about 60% shorter. 
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the plane-strain models with the permeability coefficient in the horizontal plane converted 
from axisymmetric to plane-strain conditions by virtue of Eqn (13) [32] predict dissipation of 
pore water pressure in time in the way that is in the best agreement with the 3d consolidation 
results (Fig. 17). Although from the very close inspection of the diagram in Fig. 17 it follows 
that model No.VI overestimates the time of dissipation of excess pore water pressure by 
60% with respect to the 3d model, it must be noted that the pore water pressure dissipation 
curve fits the best 3d results. at the end of the 3d consolidation model no. Vi predicts only 
remaining 2% of the initial excess pore water pressure.
5. Summary
The paper has presented research on various attempts at calculating settlements and pore 
water pressure dissipation during construction of an embankment on soft soil reinforced with 
dynamic replacement stone columns. The authors sought a reliable plane-strain model which 
could be applied instead of a spatial analysis. 
the results obtained by various simplified models were compared to the results obtained 
by the base 3d model marked as model no. ii. the following computational attempts were 
checked.
model no. i is an analytical method in which the stone column is considered only as 
a drain that accelerates the consolidation process. Priebe’s analytical method for calculating 
settlement was used. model no. iii is an axisymmetric fem model of a unit cell. model no. 
IV is a plain-strain model where a zone of columns and soft soil under the embankment is 
homogenized. The average value of each parameter was determined using the replacement 
ratio α as weight coefficient. model no. V is a plane-strain model with columns represented 
by strips of width equal to the actual column’s diameter. Parameters for soft soil and stone 
column material remain unmodified in any way. 
models iVa and iVb are based on model iV but both employ the value of the friction angle 
for the homogenized zone calculated in a different way to that in model No. IV. Furthermore, 
these models assume anisotropic permeability of the homogenized zone. In model No. IVa 
the averaged coefficient of permeability in horizontal plane kh was calculated by Eqn (9) 
whereas in model No. IVb the method for calculating kh proposed in [25] was used. 
In models Va and Vb, the diameters of stone columns were the same as in V but 
mechanical parameters for the columns were taken as average according to dimaggio [6]. the 
permeability of column strip elements in model no. Va was modified according to terzaghi’s 
formulae to give coefficients of permeability in horizontal (kh) and vertical (kv) directions. 
in model no. Vb the permeability of the soft soil was modified according to the manner 
proposed in [15] and [32]. the coefficient of soil permeability in the horizontal direction 
in plane-strain conditions was calculated by matching the permeability in plane-strain and 
axisymmetric conditions. the coefficient of soil permeability in the vertical direction for soft 
soil remained unchanged.
In model No. VI the diameter of a stone column was reduced to obtain an equal 
replacement ratio in axisymmetric and plane-strain conditions. All mechanical parameters 
for soft soil and columns were not modified. Coefficients of permeability were assumed as 
in model No. Vb.
98
The computational analysis conducted showed that it is possible to obtain good agreement 
between results from a simplified plane-strain model and full 3d consolidation numerical 
analysis. This was achieved in model No. VI. The assumptions made in this model have been 
tested in the past but in combination with other geometrical and material configurations.
It has been found that to obtain satisfactory settlement the same replacement ratio must be 
preserved in the transition from spatial to plane-strain conditions. the permeability coefficient 
in the horizontal direction must be properly calculated since it has the essential influence on 
agreement between dissipation of pore water pressure in 3d and plane-strain conditions.
Although the mechanical parameters employed in the analysis were determined in 
laboratory and field tests for real soils the results obtained in the numerical calculations 
need to be verified by comparison with results of monitoring of the full scale embankment 
construction.
R e f e r e n c e s
[1] ambily a., gandhi r., Behavior of Stone Columns Based on Experimental and FEM 
Analysis, journal of geotechnical and geoenvironmental engineering, 04, 2007, 405–415.
[2] barron r., Consolidation of fine-grained soils by drain wells, transactions asCe, 113, 
1948, 718–742.
[3] Castro j., sagaseta C., Consolidation around stone columns. Influence of column 
deformation, international journal for numerical and analytical methods in 
geomechanics, 33, 2009, 851–877.
[4] Castro j., sagaseta C., Deformation and consolidation around encased stone columns, 
geotextiles and geomembranes, 29, 2011, 268–276.
[5] Castro j., karstunen m., sivasihamparam n., Influence of stone column installation on 
settlement reduction, Computers and geotechnics, vol. 59, 2014, 87–97.
[6] Christoulas st., giannaros Ch., tsiambaos g., Stabilization of embankment foundation 
by using stone columns, geotechnical and geological engineering, 15, 1997, 247–258.
[7] dheeerendra babu m.r., nayak s., shivashankar r., a critical review of construction, 
analysis and behaviour of stone columns, geotech. geol. eng., 2013, 1–22. 
[8] dimaggio j.a., Stone Columns: A Foundation Treatment, demonstration project no 
46, fhwa, washington dC, 1978, 1–69.
[9] dz. u. 1999 nr 43 poz. 430. rozporządzenie ministra transportu i gospodarki morskiej 
z dnia 2 marca 1999 r. w sprawie warunków technicznych, jakim powinny odpowiadać 
drogi publiczne i ich usytuowanie.
[10] gryczmański m., Metody analizy nośności i osiadania podłoża wzmocnionego 
kolumnami kamiennymi, inżynieria morska i geotechnika, vol. 5, 1993, 224–231.
[11] hughes j. m. o., withers n. j., Reinforcing of soft cohesive soils with stone colum,. 
ground engineering, vol. 7(3), 1974, 42–49.
[12] han j., Ye, s., Simplified method for consolidation rate of stone column reinforced 
foundations, journal of geotechnical and geoenvironmental engineering asCe, 
127(7), 2001, 597–603.
[13] hansbo s., Consolidation of fine-grained soils by prefabricated drains, Proc.10th Conf. 
soil mechanics and foundations engineering, vol. 3, rotterdam, 1981, 677–682.
99
[14] hassen g., de buhan p., abdelkrim m., Finite element implementation of a homogenized 
constitutive law for stone column-reinforced foundation soils, with application to the 
design of structures, Computers and geotechnics, 37, 2010, 40–49.
[15] indraratna b., redana i., Numerical modeling of vertical drains with smear and well 
resistance installed in soft Clay, Canadian geotechnical journal, 37, 2000, 132–145.
[16] indraratna b., redana i., Plane-strain modeling of smear effects associated with 
vertical drains, Canadian geotechnical journal 123, 1997, 474–478.
[17] indraratna b., rujikiatkamjorn C., wijeyakulasuriya V., balasubramaniam a., Soft clay 
foundation improvement with drainage and geo-inclusions, with special reference to 
the performace of enbankments and transportation system, in proc. of the sri lankan 
geotech. soc. first international Conference on soil & rock engineering, pinnaduwa 
h.s.w. kulatilake ed., Colombo, sri lanka, august 6–11, 2007. Cd-rom.
[18] kwiecień s., Analiza teoretyczna i doświadczalna wzmocnienia podłoża metodą 
wymiany dynamicznej, doctoral thesis, gliwice 2008. 
[19] kanty p., kwiecień s., Analiza porównawcza wyników obliczeń stateczności nasypu 
drogowego posadowionego na podłożu wzmocnionym metodą wbijanych kolumn 
kamiennych, technical transactions, vol. 3-Ś/2012, 31–41.
[20] kanty p., sękowski j., The influence of stone columns formation technique on the 
consolidation time of the surrounding soil, 11th international Conference on new 
trend in static and dynamic of buildings, bratysława, 3–4.10.2013.
[21] kwiecień s., sękowski j., Kolumny kamienne formowane w technologii wymiany 
dynamicznej, monograph, wpŚ, gliwice 2012.
[22] menetreyph., willam k.j., a triaxial failure criterion for concrete and its generalization, 
aCi journal, 92(3), 1995, 311–318. 
[23] machowski m., kanty p., kwiecień s., Analiza porównawcza wyników osiadań podłoża 
wzmocnionego metodą wymiany dynamicznej pod nasypem drogowym, Technical 
transactions, vol. 3-Ś/2012, 67–78.
[24] mcCabe b.a., mcneil j.a., black j.a., Ground improvement using the vibro-stone 
column technique, joint meeting of engineers ireland west region and the geotechnical 
society of ireland, nui galway, 15.03.2007, 1–12.
[25] Oo K., Numerical study of floating stone columns. National University of Singapore, 
doctoral thesis, 2013.
[26] priebe h., Abschatzung des Setzungsverhaltes eines durch Stopfveriichtung verbesserten 
Baugrundes, die bautechnik, vol. 53(5),1976.
[27] sękowski j., Cierpioł d., Grunty spoiste stabilizowane wapnem. Zastosowanie do 
budowy wysokich nasypów autostradowych, autostrady magazine, 5, 2010, 44–46.
[28] sękowski j. grzesik b., Konsolidacja podłożą wzmocnionego wbijanymi kolumnami 
kamiennymi – badania laboratoryjne, roczniki inżynierii budowlanej, 8, 2008, 67–70.
[29] sękowski j., grzesik b., Wpływ wbijanych kolumn kamiennych na wilgotność 
wzmocnionego podłoża, problemy geotechniczne i środowiskowe z uwzględnieniem 
podłoży ekspansywnych, bydgoszcz 2009, 201–207.
[30] sękowski j., kwiecień s., kanty p., The influence of rammed stone column formation 
process on mechanical parameters of the surrounding weak soil, XV danube – european 
Conference on geotechnical engineering, paper no. 226, Vienna, 09–11.09.2014, 
353–358.
100
[31] Tan S., Oo K., Stone column FEM modeling – 2D and 3D considerations illustrated 
by case history, int. symp. on tsunami reconstruction with geosynthetics, bankok 
Thailand, 2005, 157–169.
[32] tan s., tjahyono s., oo k., Simplified Plane – Strain Modeling of Stone –Column 
Reinforced Ground, journal of geotechnical and geoenvironmental engineering, 02, 
2008.
[33] Terzaghi K., Theoretical Soil Mechanics, john wiley & sons, new York-london, 1943.
[34] Van genuchten m. t. A., Closed-form equation for predicting the hydraulic conductivity 
of unsaturated soils, soil sci. soc. amer. j., 44, 1980, 892–898.
[35] wiłun z., Zarys Geotechniki. wkił, ed. iV, warsaw 2003.
[36] zimmermann th., truty a., urbański a., podleś k., Manual Z_Soil 2010.
